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Abstract
Recently we have reported the correct formulation of the lattice QCD method at the zero tem-
perature to study the hadron formation from the quarks and gluons by incorporating the non-zero
boundary surface term in QCD which arises due to the confinement of quarks and gluons inside
the finite size hadron. In this paper we extend this to the finite temperature QCD and present
the correct formulation of the lattice QCD method at the finite temperature to study the hadron
formation from the quark-gluon plasma.
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I. INTRODUCTION
Just after the 10−12 seconds of the big bang our universe was filled with a hot and dense
state of matter known as the quark-gluon plasma (QGP). The temperature of the quark-
gluon plasma is ≥ 200 MeV. The QGP is the densest state matter besides the black hole.
Hence it is important to recreate this early universe matter in the laboratory [1].
The relativistic heavy-ion colliders (RHIC) at BNL and the large hadron colliders (LHC)
at the CERN are the two experiments which search the quark-gluon plasma in the laboratory.
The RHIC experiment collides Au-Au at the total center of mass energy
√
s = 200× 197
GeV and the LHC experiment collides Pb-Pb at the total center of mass energy
√
sNN =
5.2 × 208 TeV. Since these huge energies are deposited in very small volumes just after the
nuclear collisions there is no doubt that the required energy density to create the quark-gluon
plasma is reached at RHIC and LHC.
The main difficulty is to detect the quark-gluon plasma because we have not directly
experimentally observed quarks and gluons. The quarks and gluons are confined inside
the hadron. For this reason the indirect signatures are proposed for the quark-gluon plasma
detection at RHIC and LHC. The prominent hadronic signatures for the quark-gluon plasma
detection at RHIC and LHC are 1) j/ψ suppression, 2) strangeness enhancement and 3) jet
quenching.
It is well known that a hadron is a composite particle consisting of quarks and gluons
which are the fundamental particles of the nature. The quarks and gluons are confined
inside the hadron by the strong force (or the color force) which is described by the quantum
chromodynamics (QCD) [2] which is a fundamental theory of the nature.
The renormalized QCD [3] is well understood at the small distance where the coupling
becomes small due to the asymptotic freedom [4, 5]. Hence the small distance partonic scat-
tering cross section at the high energy colliders is studied by using the perturbative QCD
(pQCD). Note that since the quarks and gluons are not directly experimentally observed
the short distance partonic scattering cross section calculated at the high energy colliders
by using the pQCD cannot be measured experimentally. Using the factorization theorem
in QCD [6–8] this short distance partonic level cross section is folded with the (experimen-
tally extracted) parton distribution function (PDF) and the fragmentation function (FF)
to compute the hadronic cross section which is experimentally measured at the high energy
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colliders.
The hadron formation from the quarks and gluons is a long distance phenomenon in
QCD where the renormalized coupling becomes large due to the asymptotic freedom. Hence
the hadron formation from the quarks and gluons can not be studied by using the pQCD.
The non-perturbative QCD is necessary to study the hadron formation from the quarks
and gluons. However, the non-perturbative QCD is not solved analytically. This is because
of the presence of the cubic and quartic gluon field terms in the QCD lagrangian density
which makes it impossible to solve the path integration in QCD analytically (see section III
for details). For this reason the path integration in QCD is performed numerically in the
Euclidean time.
The lattice QCD employs the numerical method to perform the path integration in QCD
in the Euclidean time. Lattice QCD computes the non-perturbative correlation functions
of the partonic operators in QCD. These partonic operators are chosen in the lattice QCD
method in such a way that they carry the same quantum numbers of the hadron (see section
III for details). The lattice QCD method inserts a complete set of hadronic states in between
the partonic operators in the non-perturbative correlation function to study the hadronic
observable from the quarks and gluons. One of the crucial assumption in the lattice QCD
method is that it operates the unphysical QCD Hamiltonian of all the quarks plus antiquarks
plus gluons inside hadron on the physical energy eigenstate of the hadron to obtain the
physical energy eigenvalue of the hadron which is not correct. This is because of the non-
zero boundary surface term (non-zero energy flux) in QCD due to the confinement of quarks
and gluons inside the finite size hadron [9].
Recently we have presented the correct formulation of the lattice QCD method at the zero
temperature to study the hadron formation from the quarks and gluons [10] by incorporating
the non-zero boundary surface term in QCD which arises due to the confinement of quarks
and gluons inside the finite size hadron [9]. In this paper we extend this to the finite
temperature QCD and present the correct formulation of the lattice QCD method at the
finite temperature to study the hadron formation from the quark-gluon plasma.
The paper is organized as follows. In section II we discuss the non-zero boundary surface
term (the non-zero energy flux) in QCD due to the confinement of quarks and gluons inside
the finite size hadron. In section III we describe the correct formulation of the lattice
QCD method at the zero temperature to study the hadron formation from the quarks and
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gluons by incorporating the non-zero boundary surface term in QCD which arises due to the
confinement of quarks and gluons inside the finite size hadron. In section IV we extend this to
the finite temperature QCD and present the correct formulation of the lattice QCD method
at the finite temperature to study the hadron formation from the quark-gluon plasma.
Section V contains conclusions.
II. NON-ZERO BOUNDARY SURFACE TERM IN QCD DUE TO CONFINE-
MENT OF QUARKS AND GLUONS INSIDE FINITE SIZE HADRON
The conservation of energy in physics is derived from the first principle by using the
time translational invariance in the Noether’s theorem. In QCD the additional complication
arises because the quark and the gluon fields are not gauge invariant. Hence the combined
gauge transformation plus the time translation must be implemented together to derive the
gauge invariant Noether’s theorem in QCD from the first principle.
From the gauge invariant Noether’s theorem in QCD one obtains the continuity equation
[11]
∂νT
νλ
qq¯g(x) = 0 (1)
where the gauge invariant energy-momentum tensor density T µνqq¯g(x) of the quark plus anti-
quark plus gluon in QCD is given by
T νλqq¯g(x) = ψ¯k(x)γ
µ[δkli∂λ − igT dklAdλ(x)]ψl(x) + F νσd(x)F λdσ (x) +
gνλ
4
F µσd(x)F dµσ(x) + (antiquark)
(2)
where ψi(x) is the quark field with color index i = 1, 2, 3, the A
a
µ(x) is the gluon field with
Lorentz index µ = 0, 1, 2, 3, the color index a = 1, ..., 8 and the non-abelian gluon field tensor
is given by
F dνσ(x) = ∂νA
d
σ(x)− ∂σAdν(x) + gf dhsAhν(x)Asσ(x). (3)
From the gauge invariant Noether’s theorem in QCD we find from eq. (1) that the energy
EHpartons(t) of all the quarks plus antiquarks plus gluons inside the hadron H satisfies the
equation
dEHpartons(t)
dt
= − < H|∑
q,q¯,g
∫
d3r∂jT
j0
qq¯g(t, r)|H > (4)
3
where
EHpartons(t) =< H|HHpartons|H >=< H|
∑
q,q¯,g
∫
d3rT 00qq¯g(t, r)|H > . (5)
In eqs. (4) and (5) the |H > is the energy eigenstate of the hadron H normalized to unity,
∑
q,q¯,g represents the sum over all the quarks, antiquarks and gluons inside the hadron H and
HHpartons is the Hamiltonian of all the quarks plus antiquarks plus gluons inside the hadron
H .
Since the boundary surface term in QCD is at the finite distance due to the finite size of
the hadron one finds that the boundary surface term in QCD is non-zero due to confinement
of quarks and gluons inside the finite size hadron irrespective of the form of the r dependence
of the gluon field Aaµ(t, r) and the r dependence of the quark field ψi(t, r) [9]. Hence one
finds that [9]
< H|∑
q,q¯,g
∫
d3r∂jT
j0
qq¯g(t, r)|H > 6= 0. (6)
From eqs. (4) and (6) one finds that the energy EHpartons(t) of all the quarks plus antiquarks
plus gluons inside the hadron is not conserved, i. e.,
dEHpartons(t)
dt
6= 0. (7)
From eqs. (4) and (6) one finds, however, that the energy [EHpartons(t)+E
H
flux(t)] is conserved,
i. e.,
d[EHpartons(t) + E
H
flux(t)]
dt
= 0 (8)
where the non-zero energy energy flux is given by [see eqs. (4) and (6)]
dEHflux(t)
dt
=< H|∑
q,q¯,g
∫
d3r∂jT
j0
qq¯g(t, r)|H > 6= 0. (9)
III. HADRON FORMATION FROM QUARKS AND GLUONS AT ZERO TEM-
PERATURE QCD USING LATTICE QCD
The non-perturbative correlation function of the partonic operator OˆH(x) for the hadron
H formation in QCD at zero temperature is given by [12, 13]
< 0|OˆH(x′)OˆH(x′′)|0 >= 1
Z[0]
∫
[dA][dψ¯][dψ] OˆH(x′)OˆH(x′′) det[δ∂
µAcµ
δωd
]
ei
∫
d4x[− 1
4
F c
µλ
(x)Fµλc(x)− 1
2α
[∂µAcµ(x)]
2+ψ¯l(x)[δ
lk(i 6∂−m)+gT c
lk
A/c(x)]ψk(x)] (10)
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where |0 > is the non-perturbative QCD vacuum (i. e., the ground state of the full QCD,
not the pQCD vacuum), ψi(x) is the quark field, A
a
µ(x) is the gluon field, α is the gauge
fixing parameter and F cλσ(x) is given by eq. (3). Note that in eq. (10) there is no ghost field
because we are directly working with the ghost determinant det[
δ∂µAcµ
δωd
].
The partonic operator OˆH(x) carries the same quantum numbers of the hadron H . For
example for the pion π+ we have
Oˆpi+(t, r) = d†(t, r)γ5u(t, r) (11)
where u(x) and d(x) are the quark fields for the up and down quark. Similarly for the proton
P we have
OˆP (t, r) = u(t, r)Cγ5d(t, r)u(t, r) (12)
and for neutron N we have
OˆN(t, r) = d(t, r)Cγ5u(t, r)d(t, r) (13)
where C is the charge conjugation operator.
The time evolution of the partonic operator OˆH(t, r) in the Heisenberg representation is
given by
OˆH(t, r) = e−itHHpartonsOˆH(0, r)eitHHpartons (14)
where HHpartons is the QCD Hamiltonian of the partons. The energy E
H
partons(t) of all the
quarks plus antiquarks plus gluons inside the hadron H is given by eq. (5). From eq. (5)
we find
HHpartons|H >= EHpartons(t)|H > . (15)
Inserting a complete set of hadronic energy eigenstates
∑
n
|Hn >< Hn| = 1 (16)
and then using eqs. (14) and (15) in (10) we find in the Euclidean time
∑
r
< 0|OˆH(t, r)OˆH(0)|0 >=∑
n
| < 0|OˆH(0)|Hn > |2 e−
∫
dtEHpartons, n(t) (17)
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where the
∫
dt is an indefinite integration and from eq. (15) we have
HHpartons|Hn >= EHpartons, n(t)|Hn >, |H0 >= |H > . (18)
Assuming that the contributions from all the higher energy level is neglected at the large
time t→∞ we find from eq. (17)
[
∑
r
< 0|OˆH(t, r)OˆH(0)|0 >]t→∞ = | < 0|OˆH(0)|H > |2 e−
∫
dtEHpartons(t) (19)
where EHpartons(t) is given by eq. (5). From eq. (8) we find that the energy E
H of the hadron
is given by
EH = EHpartons(t) + E
H
flux(t) (20)
where the energy flux EHflux(t) is given by eq. (9).
Using eq. (20) in (19) we find
[
∑
r
< 0|OˆH(t, r)OˆH(0)|0 >]t→∞ = | < 0|OˆH(0)|H > |2 e−tEHe
∫
dtEH
flux
(t). (21)
The energy flux as given by eq. (9) can be calculated from the vacuum expectation in QCD
by using the formula [14]
dEHflux(t)
dt
= [
< 0|∑r′′ OˆH(t′′, r′′)∑q,q¯,g ∫ d3r∂jT j0qq¯g(t, r)OˆH(0)|0 >
< 0|∑r′′ OˆH(t′′, r′′)OˆH(0)|0 >
]t′′→∞ (22)
where the energy-momentum tensor density T νλqq¯g(x) in QCD is given by eq. (2).
Using eq. (22) in (21) we find that for the hadron at rest
| < 0|OˆH(0)|H > |2 e−tMH =


∑
r < 0|OˆH(t, r)OˆH(0)|0 >
e
[
<0|
∑
r′′
OˆH (t′′,r′′)
∑
q,q¯,g
∫
d4x∂jT
j0
qq¯g
(x)OˆH (0)|0>
<0|
∑
r′′
OˆH (t′′,r′′)OˆH (0)|0>
]t′′→∞


t→∞
(23)
where the
∫
dt is an indefinite integration and
∫
d3x is definite integration in
∫
d4x =
∫
dt
∫
d3x.
Hence one finds that the hadronic decay matrix element < 0|OˆH(0)|H > and the hadron
mass MH can be found from the vacuum expectation value of the correlation functions in
QCD at zero temperature as given by eq. (23).
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IV. HADRON FORMATION FROM THERMAL QUARK-GLUON PLASMA US-
ING LATTICE QCD
For the scalar field theory at the finite temperature T the partition function Z[J ] is given
by
Z[J ] =
∫
[dφ]e−
∫ 1
T
0
dt
∫
d3x[∂µ∂µφ(x)+V [φ(x)]+J(x)φ(x)] = Tr e−
H
T (24)
where t is the Euclidean time, J(x) is the external current density, V [φ(x)] is the potential
and the scalar field φ(x) satisfies the periodic boundary condition
φ(t, ~x) = φ(t+
1
T
, ~x). (25)
We use the Euclidean metric
gµν = (−1,−1,−1,−1) (26)
for the finite temperature field theory formulation in the Euclidean time.
Extending eq. (24) to QCD we find that the generating functional at the finite tempera-
ture QCD is given by
Z[J, η, η¯] =
1
Z[0]
Tr e−
H
T =
∫
[dA][dψ¯][dψ]× det[δ∂
µAcµ
δωd
]× exp[−
∫ 1
T
0
dt
∫
d3x[−1
4
F cµλ(x)F
µλc(x)
− 1
2α
[∂µAcµ(x)]
2 + ψ¯l(x)[δ
lk(i6 ∂ −m) + gT clkA/c(x)]ψk(x) + Jaµ(x)Aµa(x) + η¯i(x)ψi(x) + ψ¯i(x)ηi(x)]]
(27)
where Jaµ(x) is the source to the gluon field A
a
µ(x), the η¯i(x) is the source to the quark
field ψi(x), the F
a
µν(x) is given by eq. (3) and the quark, gluon fields satisfy the periodic
boundary condition
ψi(t, ~x) = ψi(t +
1
T
, ~x), Aaµ(t, ~x) = A
a
µ(t+
1
T
, ~x). (28)
For the hadron H formation from the thermal quark-gluon plasma we proceed as follows.
Similar to the QCD in vacuum case we choose the partonic operator OˆH(t, r) which form
the hadron H [see for example eqs. (11), (12) and (13)] from the quark-gluon plasma.
The non-perturbative correlation function of the partonic operator OˆH(x) for the hadron
H formation from the quark-gluon plasma is given by
< in|e−t′HOˆH(t′, r′)OˆH(0)|in >= 1
Z[0]
Tr e−
H
T e−t
′HOˆH(t′, r′)OˆH(0) = 1
Z[0]
∫
[dA][dψ¯][dψ]
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e−t
′HOˆH(t′, r′)OˆH(0)× det[δ∂
µAcµ
δωd
]× exp[−
∫ 1
T
0
dt
∫
d3x[−1
4
F cµλ(x)F
µλc(x)− 1
2α
[∂µAcµ(x)]
2
+ψ¯l(x)[δ
lk(i6 ∂ −m) + gT clkA/c(x)]ψk(x)]] (29)
where |in > is the ground state of the full QCD at the finite temperature similar to the
ground state |0 > of the full QCD at the zero temperature in eq. (10).
Using the time evolution of the field as given by eq. (14) and then inserting complete set
of hadronic states as given by eq. (16) we find from eq. (29) in the Euclidean time that
∑
r′
< in|e−t′HOˆH(t′, r′)OˆH(0)|in >=∑
n
e−
∫
dt′EHpartons, n(t
′)| < Hn|OˆH(0)|in > |2 (30)
where the
∫
dt′ integral is indefinite integral and we have used the eq. (18) for the energy
EHpartons, n(t
′) of all the quarks plus antiquarks plus gluons inside the hadron H in its nth
level.
Note that unlike QCD in vacuum where [see eq. (17)]
etH |0 >= 0 (31)
we find that for the QGP at the finite temperature we have
etH |in > 6= 0. (32)
Hence unlike the non-perturbative correlation function
CQCD2 (t
′, r′) =< 0|OˆH(t′, r′)OˆH(0)|0 > (33)
for the hadron formation from the quarks and gluons in QCD in vacuum in eq. (17) we have
considered the non-perturbative correlation function
CQGP2 (t
′, r′) =< in|e−t′HOˆH(t′, r′)OˆH(0)|in > (34)
for the hadron formation from the quarks and gluons from the quark-gluon plasma at the
finite temperature in eq. (30).
Note the difference of e−t
′H between eqs. (33) and (34).
It should be mentioned here that the hadrons are in the confined phase of QCD whereas
the quark-gluon plasma is in the deconfined phase of QCD. Hence the hadron can not
be formed inside the quark-gluon plasma. When the quark-gluon plasma temperature T
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decreases to the deconfinement phase transition temperature Tc then the hadron is formed
outside the quark-gluon plasma [i. e., the hadron is formed in the vacuum] where T >>> Tc.
Since the hadron is formed in the vacuum [not inside the quark-gluon plasma medium]
one finds that the energy EHpartons, n(t
′) in eq. (30) is the energy of all the quarks plus
antiquarks plus gluons inside the hadron H where the hadron H is in the vacuum [see eqs.
(5) and (18)].
Note that the Euclidean time t goes to 1
T
[see eq. (29)] which is the standard procedure
to calculate the thermal average in the finite temperature quantum field theory. However,
since the hadron H is formed in the vacuum [not inside the quark-gluon plasma medium]
one can take the Euclidean time t′ limit to infinity in the partonic operator OˆH(t′, r′) to
form the hadron H in vacuum. Because of this reason we cannot take t to infinity but we
can take take t′ to infinity.
Hence in the Euclidean time limit t′ → ∞ [similar to the QCD in vacuum case in eq.
(19)] we can neglect the higher energy level contribution of the hadron to find from eq. (30)
that
∑
r′
[< in|e−t′HOˆH(t′, r′)OˆH(0)|in >]t′→∞ = e−
∫
dt′EHpartons(t
′)| < H|OˆH(0)|in > |2. (35)
As mentioned above since the hadron is formed in the vacuum [not inside the quark-gluon
plasma medium] one finds that the energy EHpartons(t
′) of all the quarks plus antiquarks plus
gluons inside the hadron H is for the hadron H in vacuum. Hence for the hadron H in
vacuum we can use eqs. (20) and (22) from QCD in vacuum. Hence using eqs. (20) and
(22) in (35) we find [similar to eq. (23)] that
| < in|OˆH(0)|H > |2 =


∑
r′ < in|e−t′HOˆH(t′, r′)OˆH(0)|in >
e
[
<0|
∑
r′′
OˆH (t′′,r′′)
∑
q,q¯,g
∫
d4x′∂jT
j0
qq¯g
(x′)OˆH (0)|0>
<0|
∑
r′′
OˆH (t′′,r′′)OˆH (0)|0>
]t′′→∞


t′→∞
× et′MH (36)
where
∫
dt′ is an indefinite integration and
∫
d3x′ is definite integration in
∫
d4x′ =
∫
dt′
∫
d3x′.
Eq. (36) describes the formation of hadron from the thermal quark-gluon plasma where
the non-perturbative correlation function < in|e−t′HOˆH(t′, r′)OˆH(0)|in > is calculated by
using the lattice QCD method at the finite temperature but the non-perturbative correlation
functions < 0|OˆH(t′′, r′′)∑q,q¯,g ∫ d3x′∂jT j0qq¯g(x′)OˆH(0)|0 > and < 0|OˆH(t′′, r′′)OˆH(0)|0 > are
calculated by using the lattice QCD method at the zero temperature. Note that the hadron
mass MH in eq. (36) is in QCD in vacuum which can be calculated from the eq. (23).
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Since everything in the right hand side of eq. (36) can be calculated by using the lattice
QCD method at finite/zero temperature one finds that the probability | < in|OˆH(0)|H > |2
of the partons in the quark-gluon plasma at the finite temperature T to form the hadron H
can be calculated by using the lattice QCD method by using eq. (36).
V. CONCLUSIONS
Recently we have reported the correct formulation of the lattice QCD method at the zero
temperature to study the hadron formation from the quarks and gluons by incorporating
the non-zero boundary surface term in QCD which arises due to the confinement of quarks
and gluons inside the finite size hadron. In this paper we have extended this to the finite
temperature QCD and have presented the correct formulation of the lattice QCD method
at the finite temperature to study the hadron formation from the quark-gluon plasma.
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